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Abstract
In this paper, we prove that a Banach space X and its dual space X∗ have uniform normal structure
if CNJ(X) < (1 +
√
3)/2. The García-Falset coefficient R(X) is estimated by the CNJ(X)-constant and
the weak orthogonality coefficient introduced by B. Sims. Finally, we present an affirmative answer to a
conjecture by L. Maligranda concerning the relation between the James and CNJ(X)-constants for a Banach
space.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Let C be a nonempty bounded closed convex subset of a Banach space X. A mapping
T :C → C is said to be nonexpansive provided the inequality
‖T x − Ty‖ ‖x − y‖
holds for every x, y ∈ C. A Banach space X is said to have the fixed point property if every
nonexpansive mapping T :C → C, where C is a nonempty bounded closed convex subset of X,
has a fixed point.
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space X often measured by different constants, the fixed point property of X is guaranteed.
How the classical modulus of convexity δX(·) of a Banach space X, introduced by J.A. Clark-
son in 1936 [3], relates to the fixed point property has been widely studied. It is well known
[9, Theorem 5.12, p. 122] that if δX(1) > 0 then X and X∗ have the fixed point property. Re-
cently, J. García-Falset proved that every weakly nearly uniformly smooth space has the fixed
point property. To prove this, he introduced the following coefficient, the so-called García-Falset
coefficient:
R(X) := sup{lim inf
n→∞ ‖xn + x‖
}
,
where the supremum is taken over all weakly null sequences (xn) in BX (:= {x ∈ X: ‖x‖ 1})
and all x ∈ SX (:= {x ∈ X: ‖x‖ = 1}). He proved that a reflexive Banach space X with R(X) < 2
enjoys the fixed point property [8].
2. Uniform normal structure
A Banach space X is said to have (weak) normal structure (see [1]) if for every (weakly
compact) closed bounded convex subset K in X that contains more than one point, there exists a
point x0 ∈ K such that
sup
{‖x0 − y‖: y ∈ K}< sup{‖x − y‖: x, y ∈ K}.
In reflexive spaces, normal structure and weak normal structure are the same. It is well known
(see [9]) that if X fails to have weak normal structure, then there exist a weakly compact convex
subset C ⊂ X and a sequence (xn) ⊂ C such that dist(xn+1, co{xk}nk=1) → diamC = 1. A Ba-
nach space X is said to have uniform normal structure if there exists 0 < c < 1 such that for any
closed bounded convex subset K of X that contains more than one point, there exists x0 ∈ K
such that
sup
{‖x0 − y‖: y ∈ K}< c sup{‖x − y‖: x, y ∈ K}.
It was proved by W.A. Kirk that every reflexive Banach space with normal structure has the fixed
point property (see [13]).
In a recent paper, M. Kato, L. Maligranda and Y. Takahashi [12] gave a sufficient condition
for uniform normal structure in terms of the von Neumann–Jordan constant CNJ(X), which was
defined in 1937 by J.A. Clarkson as
CNJ(X) := sup
{‖x + y‖2 + ‖x − y‖2
2(‖x‖2 + ‖y‖2) : x, y ∈ X and ‖x‖ + ‖y‖ 	= 0
}
.
This result has been recently improved by S. Dhompongsa, P. Piraisangjun and S. Saejung in [5],
where among other things, the authors show that X and X∗ have uniform normal structure when-
ever CNJ(X) < (3 +
√
5)/4. To improve this result, we start with the following lemma.
Lemma 1. Let X be a Banach space for which BX∗ is w*-sequentially compact (for example,
X is reflexive or separable, or has an equivalent smooth norm). Suppose that X fails to have
weak normal structure. Then, for any ε > 0, there exist z1, z2, z3 ∈ SX and g1, g2, g3 ∈ SX∗ such
that the following conditions are satisfied:
(a) |‖zi − zj‖ − 1| < ε and |gi(zj )| < ε for all i 	= j ,
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(c) ‖z3 − (z2 + z1)‖ ‖z2 + z1‖ − ε.
Proof. By the assumptions, there exist sequences (xn) ⊂ X and (fn) ⊂ SX∗ such that
(1) xn w−→ 0,
(2) diam{xn}∞n=1 = 1 = limn→∞ ‖xn − x‖ for all x ∈ co{xn}∞n=1,
(3) fn(xn) = ‖xn‖ for all n ∈N, and
(4) fn w
∗−−→ f for some f ∈ BX∗ .
Observe that 0 is in the weakly closed convex hull of {xn}∞n=1 which equals the norm closed
convex hull co{xn}∞n=1. This implies that limn→∞ ‖xn‖ = 1.
Let ε ∈ (0,1) be given. Pick η = ε/2. We first choose a natural number n1 so that∣∣f (xn1)∣∣< η2 and 1 − η ‖xn1‖ 1.
Next, we choose n2 > n1 so that
1 − η ‖xn2‖ 1, 1 − η ‖xn2 − xn1‖ 1,∣∣fn1(xn2)∣∣< η, ∣∣f (xn2)∣∣< η2 , and
∣∣(fn2 − f )(xn1)∣∣< η2 .
This implies that∣∣fn2(xn1)∣∣ ∣∣(fn2 − f )(xn1)∣∣+ ∣∣f (xn1)∣∣< η.
Finally, we choose n3 > n2 so that
1 − η ‖xn3‖ 1, 1 − η ‖xn3 − xn1‖ 1, 1 − η ‖xn3 − xn2‖ 1,∣∣fn1(xn3)∣∣< η, ∣∣fn2(xn3)∣∣< η, ∣∣(fn3 − f )(xn1)∣∣< η2 ,∣∣(fn3 − f )(xn2)∣∣< η2 , and∥∥∥∥xn3 −
(
xn2
‖xn2‖
+ xn1‖xn1‖
)∥∥∥∥
∥∥∥∥ xn2‖xn2‖ +
xn1
‖xn1‖
∥∥∥∥− η.
Similarly, we also obtain that∣∣fn3(xn1)∣∣< η and ∣∣fn3(xn2)∣∣< η.
Set
z1 := xn1‖xn1‖
, z2 := xn2‖xn2‖
, z3 := xn3‖xn3‖
,
g1 := fn1, g2 := fn2 , g3 := fn3 .
We now prove that (a)–(c) are satisfied. Clearly, (b) holds. Moreover, for i 	= j ,
∣∣gi(zj )∣∣= |fni (xnj )|‖xnj ‖ <
η
1 − η < 2η = ε.
Next, we observe that
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∥∥∥∥ xni‖xni‖ −
xnj
‖xnj ‖
∥∥∥∥

∥∥∥∥ xni‖xni‖ − xni
∥∥∥∥+ ‖xni − xnj ‖ +
∥∥∥∥xnj − xnj‖xnj ‖
∥∥∥∥
= ∣∣1 − ‖xni‖∣∣+ ‖xni − xnj ‖ + ∣∣1 − ‖xnj ‖∣∣
< 1 + 2η < 1 + ε,
and
‖zi − zj‖ gi(zi − zj ) = gi(zi) − gi(zj ) 1 − η > 1 − ε
for all i 	= j , that is (a) is satisfied. Finally, (c) is satisfied, since
∥∥z3 − (z2 + z1)∥∥ ∥∥xn3 − (z2 + z1)∥∥− ‖xn3 − z3‖
 ‖z2 + z1‖ − η −
∣∣1 − ‖xn3‖∣∣
> ‖z2 + z1‖ − ε.
This completes the proof. 
Theorem 2. A Banach space X and its dual space X∗ have uniform normal structure if CNJ(X) <
(1 + √3)/2.
Proof. Since CNJ(X∗) = CNJ(X) [12], it suffices to prove only that X has weak normal structure
if CNJ(X) < (1 +
√
3)/2. Suppose that X fails to have weak normal structure. Let ε > 0 and
choose z1, z2, z3 ∈ SX and g1, g2, g3 ∈ SX∗ satisfying the conditions in Lemma 1. We put α2 =
1 + √3 and consider the following cases:
Case 1. ‖z2 + z1‖ α. Then we have
‖g2 + g1‖2 + ‖g2 − g1‖2
2(‖g2‖2 + ‖g1‖2) 
(
(g2 + g1)
(
z2+z1
α
))2 + ((g2 − g1)( z2−z1‖z2−z1‖
))2
4

( 2−2ε
α
)2 + ( 2−2ε1+ε )2
4
.
Case 2. ‖z2 + z1‖ > α.
Case 2.1. ‖z3 − z2 + z1‖ α. In this case, we have
‖g3 + g1‖2 + ‖g3 − g1‖2
2(‖g3‖2 + ‖g1‖2) 
(
(g3 + g1)
(
z3−z2+z1
α
))2 + ((g3 − g1)( z3−z1‖z3−z1‖
))2
4

( 2−4ε
α
)2 + ( 2−2ε1+ε )2
4
.
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‖(z3 − z2) + z1‖2 + ‖(z3 − z2) − z1‖2
2(‖z3 − z2‖2 + ‖z1‖2) 
α2 + (‖z2 + z1‖ − ε)2
2((1 + ε)2 + 1) 
α2 + (α − ε)2
2((1 + ε)2 + 1) .
By the arbitrariness of ε and the fact that CNJ(X∗) = CNJ(X), we conclude that
CNJ(X)min
{
1
α2
+ 1, α
2
2
}
= 1 +
√
3
2
. 
3. The García-Falset coefficient
The WORTH-property was introduced by B. Sims in [15] as follows: a Banach space X has
the WORTH-property if
lim
n→∞
∣∣‖xn + x‖ − ‖xn − x‖∣∣= 0
for all x ∈ X and all weakly null sequences (xn). In [16], the author defined the coefficient of
weak orthogonality, which measures the “degree of WORTHwhileness,” by
w(X) := sup{λ: λ lim inf
n→∞ ‖xn + x‖ lim infn→∞ ‖xn − x‖
}
,
where the supremum is taken over all x ∈ X and all weakly null sequences (xn). It is known that
a Banach space has the WORTH-property if and only if w(X) = 1.
Relation between the coefficient of weak orthogonality, the García-Falset coefficient, and the
James and von Neumann–Jordan constant is given in the following theorem. Recall that the
James constant J (X) is defined by
J (X) := sup{min{‖x + y‖,‖x − y‖}: x, y ∈ SX}.
Theorem 3. Let X be a Banach space. Then
(1) R(X)w(X) J (X), and
(2) (R(X))2(1 + (w(X))2) 4CNJ(X).
Proof. For η > 0, there are x ∈ SX and (xn) in BX such that
lim inf
n→∞ ‖xn + x‖R(X) − η.
We may extract a subsequence, still denoted by (xn), such that
lim
n→∞‖xn + x‖R(X) − η and limn→∞‖xn − x‖
exist. Now, we have
J (X)min
{
lim
n→∞‖xn + x‖, limn→∞‖xn − x‖
}
w(X) lim
n→∞‖xn + x‖
w(X)
(
R(X) − η).
Similarly,
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n→∞‖xn + x‖
2 + ‖xn − x‖2

(
1 + (w(X))2) lim
n→∞‖xn + x‖
2

(
1 + (w(X))2)(R(X) − η)2.
Letting η → 0 gives the results. 
Remark 4. The preceding estimates are tight when X = lp where 1 < p  2. In fact, R(lp) =
J (lp) = 21/p , CNJ(lp) = 22/p−1 and w(lp) = 1 (see [4,6,7,16], respectively).
As a consequence of the preceding theorem, we have the following.
Corollary 5. Let X be a Banach space.
(1) [7, Proposition 3.6] If X has the WORTH-property, then R(X) J (X).
(2) If CNJ(X) < 1 + (w(X))2, then R(X) < 2 and R(X∗) < 2. Furthermore, this result is sharp.
Proof. (1) follows since w(X) = 1.
To prove (2), we first observe that X is reflexive. The assertion follows immediately from
the fact that CNJ(X∗) = CNJ(X) and w(X∗) = w(X) [11, Theorem 5]. Finally, let us consider
the space X = l2,1, which is l2 renormed according to ‖x‖2,1 := ‖x+‖2 + ‖x−‖2, where x+ and
x− are the positive and the negative part or x, respectively, defined as x+ = (max{x(i),0}) and
x− = x+ − x (see [2]). It was proved in [11, Theorem 8] that CNJ(l2,1) = 3/2 and it is easy to
see that w(l2,1) = 1/
√
2, and R(l2,1) = 2. 
Finally, we give an affirmative answer to the following conjecture proposed by L. Maligranda
[14]. This result improves the connection between CNJ(X) and J (X) [12, Theorem 3].
Theorem 6. For any Banach space X,
CNJ(X) 1 + (J (X))
2
4
.
Proof. It is easy to see that CNJ(X) = sup{CNJ(t,X): t ∈ [0,1]} where
CNJ(t,X) := sup
{‖x + ty‖2 + ‖x − ty‖2
2(1 + t2) : x, y ∈ SX
}
.
We now prove that, for all t ∈ [0,1],
CNJ(t,X) 1 + t
2(J (X))2 + 2t (1 − t)J (X)
2(1 + t2) . (1)
First we observe that
CNJ(t,X)
(J (t,X))2 + (1 + t)2
2(1 + t2) , (2)
where
J (t,X) := sup{min{‖x + ty‖,‖x − ty‖}: x, y ∈ SX}.
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we obtain (2). Moreover,
J (t,X) tJ (X) + 1 − t. (3)
This follows since ‖x ± ty‖ = ‖t (x ±y)+ (1− t)x‖ t‖x ±y‖+1− t. By (2) and (3), we have
CNJ(t,X)
(J (t,X))2 + (1 + t)2
2(1 + t2)
 (tJ (X) + (1 − t))
2 + (1 + t)2
2(1 + t2)
= t
2(J (X))2 + 2t (1 − t)J (X) + 2(1 + t2)
2(1 + t2)
= 1 + t
2(J (X))2 + 2t (1 − t)J (X)
2(1 + t2) .
Hence, by an elementary calculation, we obtain that
CNJ(X) sup
{
1 + t
2(J (X))2 + 2t (1 − t)J (X)
2(1 + t2) : t ∈ [0,1]
}
= 1 + (J (X))
2
4
. 
Remark 7. If X is not uniformly nonsquare [10] (for example, X = l1, l∞ or c0), then CNJ(X) =
1 + 14 (J (X))2.
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